Marangoni Convection by Das, Kausik S & Bhattacharjee, J K
Indian J. Phys. 73B  (2), 385-393 (1999)
U P  B
— an international journal
M a r a n g o n i c o n v e c t io n
Kausik S Das and J K Bhattacharjec
Department of Theoretical Physics, Indian Association for the Cultivation of Science, 
Jadavpur, Calcutta-700 032, India
Abstract : Aspects of Marangoni convection induced by heating from below are reviewed. 
The effect of rotation is discussed with the emphasis on the oscillatory modes of the system 
which can be released in a Hopf bifurcation.
Keywords : Convection, rotation, Hopf bifurcation 
PACS Nos. : 47 20 Dr, 47.20.ky
1. Introduction
After the rain water has evaporated from hot dusty road, what is left behind is an almost regular 
patterns of hexagons traced out by the dust. This is a fairly common observation when the first 
rains arrive in most of the tropical countries. The physical phenomenon underlying this 
observation is convection [1,2]. Generally one associates convection with buoyancy -  the hot 
fluid below rises upwards and the cold fluid at the top tumbles down when a container of liquid 
is heated from below. The motion takes place with periodicity in the horizontal plane in the 
absence of any imperfections. If the fluid layer is very thin as happens when the rain starts 
falling on the hot road surface, the driving force which causes convection is not buoyancy but 
surface tension. The surface tension driven convection is called Marangoni convection. At 
the free surface of the fluid, surface tension forces come into play and for a sufficiently thin 
fluid layer, the surface forces can cause convective motion in the bulk. If one carries out this 
experiment in a controlled environment, then a quantitative measure can be had of when the 
convection begins. The temperature gradient in the fluid has to be large enough before a 
convective motion can be sustained. For sufficiently small gradients, any attempted movement 
will be damped out by viscosity and thermal conductivity. The gradient has to exceed a critical 
value before convection begins. Assuming ideal conditions, the convective pattern will be 
periodic in the horizontal plane. What would be the wavelength of the periodicity ? That too 
can be answered from controlled experiments. In a laboratory one takes a fluid layer of height 
'd' in a metallic container of lateral extension L and heats from the bottom plate. At the surface 
of the fluid there is a liquid-air interface. In general L »  rfand the system acts like an infinite 
system, with wall effects completely absent. The heating of the bottom surface is controlled
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and a temperature gradient /J exists in the liquid layer. This gradient is known in terms of the 
bottom plate temperature 7 , (a conducting material for the plate ensures that the fluid layer in 
contact with the plate shares the plate temperature), the ambient temperature 70 and the rate of 
radiation H from the topsurfacc. In the absence of any convection, V27  = 0 , which for a laterally
infinite system reduces to y f  = 0 (translational invariance inxandy directions imply that 7 is 
a function o f; only). The solution is 7 = 7, + /J w h e re  (3 is the gradient. The gradient at the 
surface is proportional to the temperature difference with the surroundings and is thus 
-  H(TSlir1tut, - T 0) = -h(T{ + P d - T 0 ), where H is a positive constant. Since this must equal 
the gradient (3 in the fluid, we have
H(Tx- t0) _ h a t  
I +dH I +dH ( 1 )
For a given value of the gradient /3, the state where the heat transport is by conduction 
alone may not be a stable state. The relevant dimensionless quantity proportional to p  which 
determines the stability and acts as a control parameter is the Marangoni number M which is 
defined as
M =
apd*S0
Apv (2)
where a  = y- is a parameter which shows how sensitive surface tension is to temperature, 
SQ is the surface tension at the reference temperature T(y p is the density, v is the kinematic 
viscosity and A is the thermal diffusivity. For small M, the conduction state is stable. One of the
tasks of theoretical considerations is to determine the critical value M of M at which the(
conduction state looses stability [3, 4|.
The laboratory experiment of heating the fluid with a free surface from below can be 
made more interesting if the container holding the fluid can be made to rotate about the vertical 
axis with a speed Q. A rotating layer of fluid confined at the bottom and free at the top is like the 
atmospheric boundary layer and should be supporting the same sort of wave motions as those 
occurring in atmospheric flows. In the laboratory fluid, these waves would be damped by 
viscosity and thermal conductivity. An interesting issue is whether the Marangoni heating 
would be able to overcome the dissipation and reflect the presence of the waves in the onset 
of oscillatory convection. In this article, we will discuss the onset of Marangoni convection in 
a rotating fluid.
2. Models and boundary conditions
The basic governing the hydrodynamic flow are
i) Navier Stokes' equation and
ii) heat conduction equation, which can be written as
d V  , Vn'
— + ( V V ) V  = vV2V - - ^ -  + 2 ( f l x V )
dt p (3)
+ (V-V) 7  = AV27, 
dt (4)
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where Q, is the rotation speed,p'  is the pressure corrected for the centrifugal force and p  is the 
density. There is no gravity for the steady conduction state, V = 0 and the hydrostatic pressure 
p ‘ is a constant. The temperature profile is Ts = T, -  /?., where /J is given by cq. ( 1). We need to 
carry out a linear stability analysis of the state. To do so we write the velocity and temperature 
fields as v = 0 + u, and T= Tv + ST, insert these forms in eqs. (3) and (4) and linearize inn and ST. 
All quantities we made dimensionless by appropriate scaling. The dimensionless ^ -component 
of u is w and the dimensionless form of ST  is ft For a laterally infinite system, the fields will be 
periodic with wavenumber a in the.v-y plane. Accordingly
w = ep'W(z)e,a'x+M'-\  (5)
O = e l>r0(z )e“m \  (6)
where and a2 are components of V  and ept expresses the time dependence. We note that 
vorticity 0) is defined as 0) = V x  v. itsz -component will be denoted by ft),, which we take to be 
of the form
, „ P**7t \ft). = el Z(z)e 1
Two curls of eq. (3) supplemented by the continuity equation leads to
(7)
)
w = rZ)ft) ( 8 )
2£2cr dwhere r = ------- , D = —  and T = r “ is the Taylor number. The ^-component of the curl ol
v r)z
eq .(3) gives
v2_i.
d t )
M’ = -T  Dw (9)
The linear stability equation following from eq. (4) is
( 10)
where a  = j  is the Prandlt number.
The linear stability problem is posed by eqs. (8), (9) and ( 10). With the sort of solution 
used in eqs. (5)-(7), we have
(D1 - a 2) (D2 - a 2 - p)W = r DZ, 
(D2 -  a2 -  p)Z = t DW,
(D2 - a 2 -op)& = - W .
(ID
( 12)
(13)
The task is to find under what condition does the solution of eqs. (11)-(13) lead to an 
eigenvalue of p with the non negative real part. However, before we can proceed, we need to
388 Kausik S Das and J K Bhattacharjee
specify the boundary conditions. The three equations require 8 boundary conditions, 4 on W, 
2 onZand 2 on 0. On the rigid thermally conducting boundary atz = 0. W =DW= Z= 0 =  0. On 
the free surface, z = 1. we have DZ -  0. The free surface allows for fluctuations of the surface 
and if t] is the surface deformation at any point, then w = -^  . Expressing the deformation as 
rj = /\ef" el(“' '+"-' \  W=pA onz= 1. The heat flux atz= 1 leads l oDQ-  r(A +0) .  We now turn
to the force balance on the surface z = 1. The forces on the surface are obtainable from the 
stress tensor T and the surface tension. The stress tensor is given by
Tn =P'$ II+PV
dvt
Dx, dx,  , (14)
In the direction along the normal, the change in stress tensor equals the surface tension 
times the sum of the inverse of the principle radii of curvature and leads to *
pvX
8 p '  +i l l
vA
_1_
Cr
d 2
(15)
where = is the Crispation number and Sp ' is the pressure fluctuation. For an
incompressible flow V 2f}p' = 0 . A derivative with respective to z of the z-component of the 
linearized fluctuation of eq. (3) yields
>1 \ dw d 2 d p ' _ d 2 d 2 )
) 9 z  ~ d z 2 p <d x 1 d y 2 ,
(16)
Operating on eq. (15) with V2y
— + 2V2 
dz  "
dw + gdy
dz vX v «r,~ c r v » ’’ - (17)
Using the form of w and rj as discussed before
Cr(-p + D2 - 3 a 2)DW = a2(B + a 2)A, (18)
where the Bond number B = . We need to consider the force balance in the tangential
direction. Normally, at a free surface the stress is zero, but here the possibility of variation of 
surface tension along the surface requires the tangential viscous stress to equal the stress 
from surface tension. This leads to
or
d wO 
d x  j
d S _  d ( 8 T ) _  „ r  ( A T ) d H  d(e + T)) 
d x ~  * *  d x  ~ 1+dH ’ d x (19)
d 2
U * 2
d 2 "l a S  d 2 (A T )----- |w = ----- y--- ------
d z 2 J pvA J ^ K + tIxjc) = - M ( 0 xx+ tjxx). (20)
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In terms of W and 0, then
(D2 + a2 )W + Ma2( 0  + A) = 0 . (21)
Summarizing, the linear stability equations are
(D2 - a 2)(D2 - a 2 - p ) W  = t D Z ,  (22)
(D2 -  a2 -  p)Z = - t DW,  (13)
( D 2 - a 2 - a p ) &  =  - W ,  (24)
with the boundary condition
IV = DW = 0  = Z = 0 on z= 0 and 
DZ= 0,
W=pA.
D© = r ( 0  + A),
Cr^-p + D2 - 3 f l 2j DW -  a2(B + a 1 )A.
(D2 +a2)W + Ma2(& + A) = 0 on z=l .
3. Hydrodynamic instabilities
In this section, we ignore the dissipation in the fluid and determine what the oscillatory modes 
of the linearized system are [5]. Dropping the viscous term in eq. (3) and trying out a solution
v = Vel(k r’(on we have
- i ( o V = - i k P + 2 £ ilkV n k . (25)
Incompressibility leads to
k , V = 0 ,  (26)
k ' P ^ l e ^ k ' V ' Q , .  (27)
and
K V = 0 . (28)
Choosing Q  in the z-direction
k 2P = %kxVx - V xkx). (29)
If the propagation direction is taken along the z-axis, then the transreversebility condition 
gives Vm = 0 , and we have
v 2 + K2 = o. (30)
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T he co m p o n en ts  o f  cq . (25) y ie ld  
-ia>Vx = 2 QVS , (31)
-ia)Vy =2£2Vx (32)
and w e have
co = 2£2. (33)
T hus, in a virtually  infinite m ass o f  ro tating  fluid, there is a  tran sv erse  w ave  o f  frequency  
2£2. In genera l, th is w ave w ill be d am p ed  ou t by v iscosity .
A n in teresting  variation  o f  th is w ave m otion  is ob ta ined  w hen  w e co n sid e r the  ex tension  
o f  the flu id  in the ^-d irection  to be Uf on an av erag e  w ith  flu c tu a tio n s b e in g  d en o ted  by rj.
W e first note that w ith the axis o f  rotation in thcz-d ircction , the C orio lis  force com ponen ts 
are  in the x -  y p lane. If  the  p ressu re  is g en era ted  due to  g rav ity  a lo n e , then  the z -co m p o n en t 
o f  the v e lo c ity  w ill be v ir tu a lly  u n c ffec ted  (T ay lo r-P ro u d m an  th eo rem ). T h e  h o rizo n ta l 
acce lera tio n  w ill be g iven  by
Du
dt
DP
D x
- 2flv, (34)
Dv
Dt
D P
dy
+ 2i 2//. (35)
T he  righ t hand  side d ep en d s on ho rizon tal c o n d itio n s  on ly  and  h en ce  th e  ho rizo n ta l 
a cce le ra tio n s a re  fu n c tio n s o f  .v a n d y  alone. C onseq u en tly , th e  v e lo c itie s  u an d  v are fu n c tio n s 
o f  x and  v and the in co m p ress ib ility  con d itio n  lead s to
S?!L+*L
D\j
+ /U \y) (36)
on z =  0, vv =  0  and  h en ce / (x, y) =  0. O n the free su rface  z = d + 7l(x, y ), the  p re ssu re  P =  -gzp  
=  -  pgd -  grfp =  P0 (co n s tan t) and  the ^ -ve loc ity  w is g iven  by
Dri Dr] Dt]
W = _ L  +  / f _ L  +  v —
Dt D x  Dz
(37)
w = -d\ Du dv 
Dx dy - V
f du dv 
 ^d x dy (38)
leading to
^ -  + - j- (u d )+ — -{vd)+ —-(u ^ )+ -^ -{u r ))  = 0. (39)
a t ax  ay dx dy  v
Linearizing
dll d 
dt  + dx
(ud)+  —~ (vd) = Q.
dy (40)
Combining eqs. (34) and (35) with P = pgz +pgrj (x, v) 
du dt]
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(41)
dv dr]_=.8_+2Q„.
From eqs. (41) and (42)
(42)
Using cq. (40)
f d 2 + 4 Q 2 u = - d 2 n-g — ■■ - 2Q g
dri
J r i d x d t d y  '
f d 2 \
+ 4 Q 2 V = --g f " - 2  Qg
dr]
U 2 d  y d  t d  x
f 9 2 + 4 Q 2 d_n
( O -x2 \
d  rj d  7]
, d r J d t [ d , 2 d y 2 )
(43)
(44)
(45)
If wc consider the plane wave solution r] = A e {kyA+ * ,w/, then o r  = 4X22 + gdk2 , 
where k 2 = k 2 + k2. ForX2= 0, wc gel the usual shallow water gravity wave of velocity (gd)2. 
For large 12, one gets a wave with frequency 2X2, same as co one had for the inertial wave 
discussed above.
We now bring in another variation. The geometry will be that of a channel, with the 
extension in the v-dircction being 2L, while the extension is still infinite in the jc-direction.
We now try solution of the form
T) = f(y)e"
From eq. (45),
dy gd
(46)
(47)
The y- velocity has to vanish at y = ± L, which implies
d 2n
dy d t
atj = ±Land hence
dy (0
f
(48)
(49)
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aty = ±L. The solution of eq (47) is
/  = C. Sin
co~ - (gdk~ -1-412*')
1/2
v + C2 Cos
(Q2 - ( g d k 2 + 4 a 2)
gd
-|l/2
y (5 0 )
and imposing boundary condition leads to
2 , „ 2 4,^2, 4k~ft) - (gdk  +412 ) + ----5— gd = 0
ftT
(51)
or
2 i t ! A r \ 2  2  2ft) gdk + 4i2 _ n K
gd L2
Thus, the possibilities arc
ft) =  2X2,
= (gd)l,2k and
(52)
gd + gd/T +4I22 (53)
The modes for finite L are known as Poincare modes and mode with ur directly 
proportional to k is called the Kelvin mode. These waves will in general be damped due to 
viscosity. If the energy provided by heating from below in our scenario of Section 1 for Marangoni 
convection can overcome the viscous dissipation at a sufficiently small Marangoni numbers, 
then the onset of convection can be in the form of a limit cycle.
4. Outlook
In this short section, we discuss what sort of results are known for the pure Marangoni 
convection and what could be useful directions for future study. For the situation without 
rotation, in the case of infinite aspect ratio, the critical Marangoni number and the corresponding 
wavenumber can be calculated exactly [3,4]. The convection sets in as long wavelength rolls 
under certain conditions. It is only very recently that these long wavelength rolls have been 
experimentally observed [6]. The onset of convection in the infinite aspect ratio, nonrotating 
case, is always seen to be oscillatory, however, as yet no formal demonstration of the principle 
of exchange of stabilities exists. The effect of finite aspect ratio in the case, when the bottom 
plate is heated to produce convection and the sidewalls are insulting, has recently been found
[7]. The critical Marangoni number is lower than that for the infinite aspect ratio situation. In a 
finite box, Marangoni convection can be induced by keeping a temperature difference between 
the sidewalls with the bottom plate insulating. In this case, under certain conditions oscillatory 
convection is indeed seen [8]. The underlying wave motion is the capillary wave in a fluid layer. 
Thus, we see that an oscillatory mode of the system can indeed be released as a limit cycle in 
the dissipative system in the presence of external forcing. In the case with rotation, there is an 
inertial wave which propagates, as well as the modified version of it in the presence of sidewalls.
M arangoni convection 393
In the case of Benard convection, the inertial wave mode is indeed released in the form of 
oscillatory convection for high rotation speeds. Whether this will happen in Marangoni 
convection is not yet settled. Thus, the question of overstability in the case of Marangoni 
convection with rotation is likely to be an interesting issue in the coming years.
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